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Abstract If a hexacyclic graph G represents a benzenoid, a perfect matching corres-
ponds to a configuration of π -bonds. We present an algorithm for counting the number
of configurations of π -bonds for parallelogram-like benzenoids with parallelogram-
like holes by counting descending paths in a corresponding rectangular mesh with
rectangular holes.
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Coronafusene, as described by Balaban [1], is a corona-condensed polycyclic sys-
tem which belongs to a class of fused benzenoid hydrocarbons with a cavity. The
nomenclature and topological centric coding of these types of polyhexes [2–4], as
well as the extra stability (superaromaticity) associated with the configuration of
π -bonds in these super-ring structures are well documented [5]. The resonance struc-
ture counts in primitive coronoid hydrocarbons are also well established [6–8]. In
several articles, we presented a special type of coronafusene which we term cyclofu-
sene [9–14]. The graphs described in this article do not require the same restrictions
as the ones imposed on the geometry of the holes in cyclofusene [9–13].

The rectangular mesh M(a, b) is defined as follows [15]. The vertices are the
labeled points (x, y) such that x and y are integers satisfying 1 ≤ x ≤ a and 1 ≤
y ≤ b.(x, y) and (x ′, y′) are adjacent if either x = x ′ and |y − y′| = 1, or y = y′
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Fig. 1 A parallelogram-like
benzenoid G with a descending
u − v path

and |x − x ′| = 1. The four vertices (1, 1), (a, 1), (1, b) and (a, b) of degree two are
called corner vertices. The number of shortest paths from a corner vertex of the mesh

M(a, b) to the opposite corner is the combinatorial number

(
a + b − 2
a − 1

)
.

We have previously shown an algorithm for counting perfect matchings in benze-
noids such as the parallelogram-like graph G in Fig. 1 by counting descending u − v

paths in the corresponding rectangular mesh H of Fig. 2 [14]. This algorithm is valid
because a perfect matching in G corresponds to a configuration (in G) of π -bonds
[16–22]. The perfect matching is the set of “slanting” edges on the descending path and
the vertical edges not on the descending path. This method was extended to diminished
meshes obtained by deleting one or more submeshes that include corner vertices of
the given mesh [14].

We generalize this approach here by permitting the deletion of internal submeshes
(holes). In order to facilitate parallelogram-like benzenoids with parallelogram-like
holes, we begin by counting descending u−v paths in the rectangular mesh with square
holes of Fig. 3, and then state an algorithm for the general case. In what follows, we
denote the number of descending paths from x to y by D(x, y). This is easily evaluated
using the combinatorial coefficients as explained above [14]. Note that x and y must be
the upper and lower corners, respectively, of a submesh in order to evaluate D(x, y).
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Fig. 2 The corresponding
rectangular mesh H with the
corresponding descending u − v

path

Fig. 3 A rectangular mesh with square holes
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Now any descending u − v path in Fig. 3 must contain exactly one of the vertices
of the set {a, b, c, d, e, f, g}. Furthermore, the decision trees for the remainder of
these paths necessitate the inclusion of some of the remaining set of labeled vertices
{h, i, . . ., p, q}. Note, for example, that a descending u − v path containing d must
also include exactly one of the vertices below d that are reachable, namely, k, l, m,
and n. The number of descending u − v paths for the mesh of Fig. 3 that contain a is

D(u, a)D(a, h)D(h, v) + D(u, a)D(a, i)D(i, v)

+D(u, a)D(a, j)D( j, o)D(o, v). (1)

Similar expressions must be added for each of the vertices b, c, d, e, f, and g. The
algorithm is obvious once a procedure is given for the selection of the vertices that
appear in sums such as (1). First include the lateral corners of the holes. In Fig. 3, the
lateral corner vertices are c, d, e, f, i, l, m, and o. Once a lateral corner is selected,
also include consecutive vertices on its level in the mesh (levels are indicated in Fig. 3
by dashed lines) until reaching a boundary vertex of a hole or of the mesh. Thus the
selection of c in Fig. 3 implies the selection of b and a.

It should be noted that the above algorithm extends to diminished meshes with
rectangular holes.
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